Introduction
A set system is a pair (X, A), where X is a finite set of points, and A is a set of subsets of X, called blocks. Let K be a set of positive integers. The set K is a set of block sizes for (X, A) if |A| ∈ K for every A ∈ A.
Let (X, A) be a set system, and let G = {G 1 , . . . , G s } be a partition of X into subsets, called groups. The triple (X, G, A) is a group divisible design (GDD) when every 2-subset of X not contained in a group appears in exactly one block and |A ∩ G| ≤ 1 for all A ∈ A and G ∈ G. We denote a GDD (X, G, A) by K-GDD if K is a set of block sizes for (X, A). The group type, or simply type of a GDD (X, G, A) is the multiset [|G| | G ∈ G]. When more convenient, we use the exponential notation to describe the type of a GDD: A GDD of type g The intersection problem and disjoint intersection problem for {3}-GDDs of type T is to determine Int(T ) and Int d (T ), respectively. A pair of GDDs is said to be disjoint if they intersect in no blocks.
The intersection problem for Steiner triple systems was completely solved by Lindner and Rosa [6] . The intersection problem for {3}-GDDs of type 2 t has also been solved by Hoffman and Lindner [5] . The case of {3}-GDDs of type g 3 , which are equivalent to Latin squares of side g, has been settled by Fu [4] . Butler and Hoffman [2] finally put the intersection problem for {3}-GDDs of type g t to rest with the following result. Let b(g t ) = g 2 t(t − 1)/6 (the number of blocks in a {3}-GDD of type g t ), and denote ≡ 0 (mod 3), and
While the intersection problem has received considerable attention, the disjoint intersection problem seems not to be well-studied. The purpose of this paper is to determine completely Int d (1 v ). This is the disjoint intersection problem for STS(v). Hence, we assume throughout this paper that v ≡ 1, 3 (mod 6). Note that since 0, 1 ∈ Int(1 v ), we also have 0, 1 ∈ Int d (1 v ). Define
Since there can be at most v/3 pairwise disjoint blocks in an STS(v), we have Int
. So in the remaining of this paper, we shall focus on showing membership of elements of
, rather than the other way round.
Latin Squares Intersecting in a Transversal
A Latin square of side n is an n × n array with the property that every row and every column contains every element from {1, . . . , n} exactly once. A Latin square A of side n set of n cells, no two from the same row or from the same column, or contain the same entry. The intersection of two Latin squares A and B is the set of cells (i, j) such that A(i, j) = B(i, j). In this section, we show that for n = 2, 3, 6, there exists a pair of Latin squares of side n intersecting in a transversal. Two Latin squares A and B of side n are said to be orthogonal if the n 2 ordered pairs (A(i, j), B(i, j)) for 1 ≤ i, j ≤ n are all distinct. The following result is well-known (see, for example, [1] ). Proof. Let A and B be a pair of orthogonal idempotent Latin squares of side n. We claim that A and B intersect in a transversal. Obviously, the transversal formed by the main diagonal of either A or B is in the intersection. It remains to show that for 
Wilson-Type Constructions
Wilson [7] established the following fundamental construction for GDDs which has significant impact on design theory. Wilson's Fundamental Construction Input:
We use Wilson's fundamental construction to produce pairs of disjoint GDDs. 
Proof. For each block
, is a pair of disjoint GDDs. To prove this, we have to establish the following:
(1) follows trivially from the fact that (X A , G A , B 
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+ gtu ≡ 0 (mod 3). 
Proof. For each desired pair of disjoint {3}-GDDs, apply 
Corollary 3.2 If there exists a pair of disjoint {3}-GDDs of type
Proof. Apply Theorem 3.3 with GDDs intersecting in the appropriate number of pairwise disjoint blocks.
The above results are sufficient to settle the case v ≡ 3 (mod 6).
Product Constructions
We use the following Singular Direct Product construction. Input: positive integers u, w, t; 
Singular Direct Product Construction
). We may assume that the point ∞ is not contained in any of the intersections.
Let
t , which exists by Theorem 1.1. Let F = ({∞}, ∅). Now apply the Singular Direct Product construction to obtain two {3}-GDDs of type 1
Lemma 4.3 Let r, s, t be positive integers such that t ≥ 3, r ≤ s(t−1), and s 2 t 2
+str ≡ 0 (mod 3). Then ). We may assume that the point ∞ is not contained in any of the intersections. Let
be a pair of disjoint {3}-GDDs of type (6s) t (6r) 1 , which exists by Corollary 3.1. Let F = ({∞}, ∅). Now apply the Singular Direct Product construction to obtain two {3}- 
Direct Constructions
In this section, we determine Int d (1 v ) for some small values of v.
Lemma 5.1 The following equalities hold:
(i) Int d (1 1 ) = {0}; (ii) Int d (1 3 ) = {1}; (iii) Int d (1 7 ) = {0, 1}; (iv) Int d (1 9 ) = {0, 1, 3}; and (v) for v ≡ 1, 3 (mod 6), 13 ≤ v ≤ 31, Int d (1 v ) = I d (1 v ).
Proof of Lemma 5.1
(i) and (ii) hold trivially and recall that 0, 1 
Piecing Things Together
We first deal with the easier case of v ≡ 3 (mod 6).
The Case v ≡ 3 mod 6 6.1.1 v ≡ 3 (mod 18)
By Theorem 1.1, there exists a pair of disjoint {3}-GDDs of type 13
. . , 12}. By Theorem 1.1, there also exists a pair of disjoint {3}-GDDs of type 3 13 . Corollary 3.2 now gives
For v ≥ 57, consider a pair of disjoint {3}-GDDs of type 9 t 21 1 , where t = (v − 21)/9, existence of which is provided by Corollary 3.1. Now apply Corollary 3.2 to obtain
This establishes the following.
v ≡ 9 (mod 18)
By Theorem 1.1, there exists a pair of disjoint {3}-GDDs of type 15
, consider a pair of disjoint {3}-GDDs of type 9 t 27 1 , where t = (v − 27)/9, existence of which is provided by Corollary 3.1. Now apply Corollary 3.2 to obtain
v ≡ 15 (mod 18)
By Corollary 3.1, there exists a pair of disjoint {3}-GDDs of type 3 6 15 For v ≥ 51, consider a pair of disjoint {3}-GDDs of type 9 t 15 1 , where t = (v − 15)/9, whose existence is provided by Corollary 3.1. Now apply Corollary 3.2 to obtain
6.2 The Case v ≡ 1 (mod 6)
v ≡ 1 (mod 18)
Let s = 2, t = 3. Then Lemma 4.2 gives
Lemma 6.4 Int
d (1 v ) = I d (1 v ) for v ≡ 1 (mod 18), v ≥ 37.
v ≡ 7 (mod 18)
Let v ≥ 43. Let w = (v + 2)/3. Then w ≡ 3 (mod 6) and w ≥ 15. Now apply Corollary 4.1 to obtain 3 with a pair of {3}-GDDs of type (w − 1)
3 intersecting in w − 1 disjoint blocks, existence of which is provided by Corollary 2.1. This establishes the following.
v ≡ 13 (mod 18)
Let s = 2 and t = 4. Then Lemma 4.2 gives
). For v ≥ 67, let t = (v − 13)/18. Then t ≥ 3. Now apply Corollary 4.3 with r = 2 and s = 3 to obtain
Conclusion
Lemmas 6.1 to 6.6 shows that Int
. This combines to give the main result of this paper below.
If there exists a pair of STS(v) intersecting in t pairwise disjoint blocks, we can consider these t pairwise disjoint blocks as groups of a pair of disjoint {3}-GDDs of type 3 t 1 v−t , and vice versa. Hence, Theorem 7.1 is equivalent to the following. 
